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1. Introduction  






+LVWRULFDOO\ WKHUH DUH WZR PDLQ DSSURDFKHV WR VROYH PXOWLSOH REMHFWLYH RSWLPL]DWLRQ SUREOHPV FODVVLFDO
PDWKHPDWLFDO PHWKRGV DQG PHWDKHXULVWLF DSSURDFKHV 7KH ILUVW DSSURDFK LQYROYHV WKH DJJUHJDWLRQ RI WKH
DWWULEXWHV LQWR VRPH NLQG RI RYHUDOO FRPSRVLWH REMHFWLYH IXQFWLRQ ZKLOH WKH VHFRQG DSSURDFK LQYROYHV
SRSXODWLQJ D QXPEHU RI IHDVLEOH VROXWLRQV DORQJ WKH 3DUHWR IURQWLHU DQG WKH ILQDO VROXWLRQ LV D VHW RI 3DUHWR
RSWLPDOVROXWLRQVRUWKHVHWRIDOORSWLPDOVROXWLRQVRIWKHPXOWLREMHFWLYHRSWLPL]DWLRQSUREOHP$WWKLVVWDJHWKH
RSWLPL]DWLRQSURFHGXUHWHUPLQDWHVEXWLIWKH3DUHWRRSWLPDOVHWLVYHU\ODUJHWKHQWKHGHFLVLRQPDNHUZLOOQRWEH
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0RVW RI WKH PHWDKHXULVWLF RU HYROXWLRQDU\ PHWKRGV REWDLQ DV D VROXWLRQ D VHW RI 3DUHWRRSWLPDO VROXWLRQV
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7KH VROXWLRQ RI D PXOWLSOH REMHFWLYH RSWLPL]DWLRQ LV D VHW RI QRQGRPLQDWHG VROXWLRQV RU 3DUHWR IURQW
6RPHWLPHV WKH 3DUHWR IURQW FDQ FRQWDLQ D ODUJH QXPEHU RI VROXWLRQV LQ VRPH FDVHV WKRXVDQGV )URP WKH
GHFLVLRQPDNHU¶VSHUVSHFWLYHFKRRVLQJVRPHJRRGRSWLPDOSRLQWVIURPDOOWKHQRQGRPLQDWHGVROXWLRQVFDQEH








JHQHWLFDOJRULWKP16*$,,>@DQGFRPSXWHWKHIXQFWLRQ     n nf w f w f w f   ZKLFKDIWHUZDUGVLV
ERXQGHGXVLQJQXPHULFDOWKUHVKROGVWRILQGWKHPLQLPXPYDOXHRIVXFKDJJUHJDWHGYDOXHV7KHZHLJKWYDOXHV
ZHUHSUHYLRXVO\REWDLQHGXVLQJWKHQRQXQLIRUPZHLJKWVDOJRULWKPDFFRUGLQJWRWKHIROORZLQJQRQQXPHULFDO
UDQNLQJ   nf f f LH   nw w w! ! ! 
2. Literature review 
6HYHUDO PHWKRGV IRU SRVW3DUHWR DQDO\VLV WR UHGXFH WKH QXPEHU RI VROXWLRQV LQ WKH 3DUHWRVHW KDYH EHHQ
GHYHORSHG LQ WKHSDVW)RU LQVWDQFH+DOPHHWDO >@VXJJHVWHGDYDOXHHIILFLHQF\DSSURDFK WRKHOS WKH
GHFLVLRQPDNHU LGHQWLI\ WKH PRVW SUHIHUUHG VROXWLRQ LQ PXOWLREMHFWLYH RSWLPL]DWLRQ SUREOHPV 9HQNDW et al
 >@ DGGUHVVHG WKH SUREOHP LQWURGXFLQJ D *UHHG\ 5HGXFWLRQ *5 DSSURDFK  7KHLUPHWKRG ZRUNV E\
REWDLQLQJDVXEVHWRI3DUHWRRSWLPDIURPDODUJHVHWDQGLVEDVHGRQPD[LPL]LQJDVFDODUL]HGIXQFWLRQRIWKH
YHFWRURISHUFHQWLOHRUGLQDOUDQNLQJVRI WKH3DUHWRRSWLPDZLWKLQWKHODUJH3DUHWRVHW3DGK\Het al.>@
SURSRVHG D PXWDWLRQ GULYHQ KLOO FOLPELQJ ORFDO VHDUFK XVLQJ DFKLHYHPHQW VFDODUL]LQJ IXQFWLRQ WR UHILQH WKH
VROXWLRQV IURP WKH 3DUHWR VHW &DUULOOR et al.  >@ SURSRVHG D PHWKRG EDVHG RQ SUHIHUHQFHV UDQNLQJV
SURYLGHGE\WKHGHFLVLRQPDNHUWRERXQGDVFDODUL]HGIXQFWLRQPDGHRXWRI3DUHWRRSWLPDOYDOXHVIRU3DUHWR
RSWLPDOVHWUHGXFWLRQSXUSRVHV7KHPDLQREMHFWLYHRIWKLVSDSHULVWKHGHYHORSPHQWDQGDSSOLFDWLRQRIDPHWKRG
WR JHQHUDWH DQ\ ILQLWH QXPEHU RI ZHLJKWV WR EH XVHG RQFH WKH GHFLVLRQ PDNHU UDQNV WKH REMHFWLYH IXQFWLRQV
DFFRUGLQJWRKLVKHUSUHIHUHQFH
2WKHU NQRZQ SUXQLQJ WHFKQLTXHV WKDW GR QRW UHO\ SUHFLVHO\ RQ VFDODUL]LQJ DUH IRU LQVWDQFH WKH NPHDQV
FOXVWHULQJPHWKRGVZKLFKJURXSVVROXWLRQVZLWKVLPLODUFKDUDFWHULVWLFVVHH7DERDGDet al>@$QRWKHUVLPLODU
SURFHGXUH ZDV SUHVHQWHG E\ 5XQNOHU >@ XVLQJ D IX]]\ FPHDQV FOXVWHULQJ XVLQJ WKH NPHDQV WHFKQLTXH
$QRWKHU DSSURDFK EDVHG LQ FOXVWHULQJ ZDV SURSRVHG E\ /L et al. >@ ZKHUH D GDWD HQYHORSPHQW DQDO\VLV LV
SHUIRUPHGE\FRPSDULQJWKHUHODWLYHHIILFLHQF\RIWKHVROXWLRQVWRGHWHUPLQHWKHILQDOUHSUHVHQWDWLYHVROXWLRQV
IRUWKHRYHUDOOSUREOHP 7KH PHWKRG SURSRVHG LQ WKLV ZRUN LV EDVHG RQ D QRQQXPHULFDO UDQNLQJ RI WKH
REMHFWLYHIXQFWLRQVEDVHGRQWKHLUUHODWLYHLPSRUWDQFH7KHVWUHQJWKRIWKLVPHWKRGLVSUHFLVHO\WKDWWKHGHFLVLRQ
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PDNHURQO\UDQNVQRQQXPHULFDOO\LQRUGHURIUHODWLYHLPSRUWDQFHWKHREMHFWLYHIXQFWLRQVEXWGRHVQRWKDYHWR
VHOHFWVSHFLILFZHLJKWYDOXHV7KHSUXQLQJPHWKRGXVLQJWKUHVKROGERXQGDULHVKHOSVWKHGHFLVLRQPDNHUVHOHFWD
VPDOO QXPEHU RI VROXWLRQV WKDW UHIOHFW KLVKHU SUHIHUHQFHV ,Q QH[W WKH VHFWLRQ DOO WKH GHWDLOV RI WKH SURSRVHG
DOJRULWKPDUHSUHVHQWHG
3.  A general method to create   n- increasingly ordered non-uniform distributed random weights 

7KLVVHFWLRQSUHVHQWVWKHDOJRULWKPWKDWJHQHUDWHVnXQLIRUPO\GLVWULEXWHGZHLJKWVWKDWDUHWKHEDVLVIRUWKHQRQ
QXPHULFDOUDQNLQJZHLJKWVQHHGHGIRUWKHVFDODUIXQFWLRQ     n nf w f w f w f   
0HWKRGGHYHORSPHQW/HW     n iX X random variables uniformly distributed X U i i WKXVLWV
SUREDELOLW\GHQVLW\IXQFWLRQLVVKRZQLQ(T
   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if x i i for i n
f x x x f x
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7RJHQHUDWHHDFKRQHRIWKH iX YDOXHVVXFKWKDW   nX X X   OHWXVDSSO\UHSHDWHGO\WKH3UREDELOLW\
,QWHJUDWLRQ7KHRUHPDVIROORZV
7RJHWWKHILUVWZHLJKWOHW
VUHFDOOWKDWWKHUDQGRPYDULDEOHV  iX U i i DUHXQLIRUPO\GLVWULEXWHGZLWK
SUREDELOLW\GHQVLW\IXQFWLRQVJLYHQE\(T
 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f x for i n
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F x ds x  ³ %\WKH,QWHJUDOSUREDELOLW\7KHRUHP   F x u KDVDXQLIRUPGLVWULEXWLRQ
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6LPLODUO\WRWKHSUHYLRXV x ZHREWDLQLWVFXPXODWLYHGLVWULEXWLRQIXQFWLRQ
     
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 _ 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kx
k k k k kF x x x x ds x k u where u U      ³ 
6ROYLQJIRU kx ZHJHWWKHJHQHUDOLWHUDWLYHIRUPXODVKRZQLQ(TIRUHDFKRQHRIWKH kx YDOXHV
                                                      k kx u k                                                                                      
*LYHQYDOXHVWRkVWDUWLQJZLWKk «nWKH kx VHTXHQFHREWDLQHGLV
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7DEOH1RQGRPLQDWHG6ROXWLRQV

7KH DOJRULWKP DSSOLHG WR SUXQH WKH GDWD DERYH LQ 7DEOH  RQFH WKH ZHLJKWV ZHUH JHQHUDWHG LV DV IROORZV
&DOFXODWH     n nf w f w f w f    IRU k ZHLJKWV WULSOHWV DQG ERXQG WKH SRLQWV WKDW VDWLVI\ f DOSKD
WKUHVKROG6HYHUDOWKUHVKROGVZHUHXVHGZLWKYDOXHVIURP>WR@DVVKRZQLQ7DEOH
Table 23UXQHGVROXWLRQV
Thresholds  Solutions obtained with the   non-uniform weights generator and several threshold values 
Th<0.1 32 34 36 38 45 47 51 52 54 
Th<0.08 38 45 47 51 52 54    
Th<0.075 45 47 51 52 54      
Th<0.07 45 47 51 52        
Th<.065 47 52            










   
n
w w w w ,WLVLPSRUWDQWWRPHQWLRQWKDWWKHVHZHLJKWVZHUHSURGXFHGIROORZLQJWKHVDPHQRQ
QXPHULFDOSUHIHUHQFHVSURFHGXUH5HVXOWVDUHVKRZQLQ7DEOH
Table 33UXQHGVROXWLRQV
Solutions obtained with the non-numerical ranking  preferences method 
32 34 37 42 
49 60 62 65 





SUHIHUHQFHV PHWKRG 7KH UHVXOWV REWDLQHG E\ FRPSDULQJ WKH WZR 3DUHWRRSWLPDO SUXQLQJ  PHWKRGV  JLYH WKH
GHFLVLRQPDNHUZRUNDEOHVL]HGFROOHFWLRQVRIVROXWLRQVWRVHOHFWFRQVLGHULQJWKDWLQWKHSUXQLQJVWDJHWKHQRQ
Solution 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15
Reliability 0.6820 0.7204 0.7571 0.7886 0.8432 0.8596 0.8604 0.8645 0.8753 0.8771 0.8821 0.8833 0.8884 0.8932 0.9012 
Cost 13 16 19 17 19 21 21 23 31 23 25 27 29 33 34
Weight 13 16 19 17 19 21 21 23 31 23 25 27 29 33 34
Solution 16 17 18 19 20 21 22 23 24 25 26 27 28 29 30
Reliability 0.9016 0.9156 0.9172 0.9196 0.9262 0.9342 0.9360 0.9426 0.9447 0.9451 0.9619 0.9623 0.9636 0.9684 0.9702 
Cost 35 33 34 36 37 35 36 36 38 39 38 39 39 40 41
Weight 22 28 27 28 26 32 31 32 29 30 36 34 35 40 39
Solution 31 32 33 34 35 36 37 38 39 40 41 42 43 44 45
Reliability 0.9730 0.9734 0.9746 0.9797 0.9808 0.9822 0.9824 0.9826 0.9828 0.9835 0.9844 0.9851 0.9860 0.9864 0.9905 
Cost 42 43 42 44 43 52 45 53 54 46 50 48 54 55 56
Weight 34 32 41 38 47 35 45 33 39 46 42 44 43 41 37
Solution 46 47 48 49 50 51 52 53 54 55 56 57 58 59 60
Reliability 0.9911 0.9921 0.9923 0.9943 0.9949 0.9980 0.9981 0.9981 0.9984 0.9988 0.9990 0.9990 0.9991 0.9991 0.9994 
Cost 58 59 57 58 60 68 69 73 75 72 77 79 80 82 62
Weight 41 37 50 45 49 45 43 55 47 67 51 69 69 73 82
Solution 61 62 63 64 65 66 67 68 69 70 71 72 73 74 75
Reliability 0.9996 0.9996 0.9997 0.9997 0.9998 0.9998 0.9999 0.9999 0.9999 0.999962 0.999977 0.999982 0.999994 0.999998 0.999999 
Cost 81 64 70 74 68 76 85 87 88 90 94 119 121 125 143
Weight 77 85 89 91 92 94 81 85 85 89 105 110 113 121 120









 7DERDGD + %DKHUDQZDOD &RLW ' DQG :DWWDQDSRQJVDNRUQ 3UDFWLFDO VROXWLRQV IRU PXOWL
REMHFWLYHRSWLPL]DWLRQ$QDSSOLFDWLRQ WR V\VWHP UHOLDELOLW\GHVLJQSUREOHPV5HOLDELOLW\(QJLQHHULQJ
DQG6\VWHPV6DIHW\
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